
PNAS  2024  Vol. 121  No. 44 e2406335121� https://doi.org/10.1073/pnas.2406335121 1 of 10

RESEARCH ARTICLE | 

Significance

 The fitness effects of beneficial 
mutations, including their 
degrees of dominance, are 
fundamental evolutionary 
quantities that are challenging to 
estimate. The theory of “faster-X” 
evolution posits that dominance 
with respect to fitness can be 
inferred by comparing rates of 
adaptation on the X chromosome 
and autosomes, with faster-X 
adaptation indicating that 
beneficial mutations are 
recessive. In view of this theory, 
the mounting evidence for 
faster-X adaptation implies that 
beneficial mutations are often 
recessive, yet this interpretation 
contradicts leading explanations 
for dominance itself, which 
predict that beneficial mutations 
should more often be dominant 
than recessive. Our model shows 
that conditions for faster-X 
adaptation are broader than 
previously thought and 
compatible with leading 
explanations for dominance.
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The dominance of beneficial mutations is a key evolutionary parameter affecting the 
rate and genetic basis of adaptation, yet it is notoriously difficult to estimate. A lead-
ing method to infer it is to compare the relative rates of adaptive substitution for 
X-linked and autosomal genes, which—according to a classic model by Charlesworth 
et  al. (1987)—is a simple function of the dominance of new beneficial mutations. 
Recent evidence that rates of adaptive substitution are faster for X-linked genes implies, 
accordingly, that beneficial mutations are usually recessive. However, this conclusion is 
incompatible with leading theories of dominance, which predict that beneficial muta-
tions tend to be dominant or overdominant with respect to fitness. To address this 
incompatibility, we use Fisher’s geometric model to predict the distribution of fitness 
effects of new mutations and the relative rates of positively selected substitution on the 
X and autosomes. Previous predictions of faster-X theory emerge as a special case of our 
model in which the phenotypic effects of mutations are small relative to the distance 
to the phenotypic optimum. But as mutational effects become large relative to the 
optimum, we observe an elevated tempo of positively selected substitutions on the X 
relative to the autosomes across a broader range of dominance conditions, including 
those predicted by theories of dominance. Our results imply that, contrary to previous 
models, dominant and overdominant beneficial mutations can plausibly generate pat-
terns of faster-X adaptation. We discuss resulting implications for genomic studies of 
adaptation and inferences of dominance.

adaptation | dominance | sex chromosomes | mutation | population genetics

 Genetic dominance plays a pivotal role in evolution. Indeed, a comprehensive under-
standing of dominance is required to explain a wide array of evolutionary phenomena 
( 1 ), including the evolution of sex, the genetic basis of adaptation, and the maintenance 
of genetic variation in life history traits ( 2     – 5 ). Dominance is also a key determinant of 
population viability, as it affects genetic load and inbreeding depression ( 6 ,  7 ), rates of 
adaptation ( 8   – 10 ), and probabilities of extinction following environmental change ( 11 ).

 Despite its importance, data on the distribution of dominance for beneficial mutations 
remain severely limited ( 1 ,  9 ). Mutation accumulation and gene knockout experiments 
provide compelling evidence that deleterious mutations are, on average, partially recessive 
with respect to fitness ( 12     – 15 ), yet the rarity of spontaneous beneficial mutations (relative 
to deleterious ones) hinders systematic estimates of their fitness effects ( 9 ,  16 ). Most infor-
mation about beneficial mutations is based on case studies of the genetics of adaptation, 
which report a range of dominance effects ( e.g. , refs.  17     – 20 ), including overdominance [i.e., 
heterozygote advantage; ( 21 ,  22 )]. However, there are many reasons why such variants might 
not be representative of new beneficial mutations, including biases in the relative rates of 
establishment for dominant versus recessive mutations [ i.e. , “Haldane’s sieve” ( 8 ,  23 )].

 Given the difficulty of directly estimating the dominance of beneficial mutations, an 
indirect inference approach—based on empirical comparisons between the adaptive 
substitution rates of sex chromosomes and autosomes—has grown in popularity and 
feasibility over the last two decades. The approach draws from an influential theory paper 
by Charlesworth et al. ( 24 ), which modeled the substitution rates of positively selected 
mutations on the X chromosome and autosomes. Using a simple population genetic 
model, Charlesworth et al. ( 24 ) showed that the substitution rate is faster for X-linked 
genes if beneficial mutations are partially or completely recessive with respect to fitness 
(0 ≤ h  < 0.5), whereas autosomal genes adapt faster when beneficial mutations are dom-
inant (0.5 < h  ≤ 1; see  Fig. 1A  ). This theory has since been extended to include adaptation 
from standing genetic variation ( 23 ,  25 ,  26 ), X-linked genes with functional Y-linked 
homologs ( 27 ), and species- and sex-specific variability in population sizes and mutation 
rates ( 28   – 30 ). Overall, these models imply that faster-X patterns are unlikely to emerge 
unless beneficial mutations often have recessive fitness effects.        D
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 The adaptive substitution rates of sex chromosomes and auto-
somes have now been estimated in several species (summarized in 
 Fig. 1B  ), with many studies reporting strongly elevated rates of 
X-linked substitution ( e.g ., refs.  26 ,  32         – 37 ,  43 ), and none finding 
significant faster-autosome patterns. Drosophila  genomes also show 
enriched signals of recent, “hard” selective sweeps on the X relative 
to the autosomes ( 44 ,  45 ). These observations, when interpreted 
under faster-X theory, suggest that beneficial mutations tend to have 
recessive fitness effects. For example, Charlesworth et al. ( 26 ) sur-
veyed a range of possible causes underlying the Drosophila  data, and 
concluded that they were consistent with beneficial mutations 
 having partially recessive fitness effects on average ( i.e. , the Drosophila  
estimates, in the range  RA∕RX ≈ 0.5 − 0.67 , implied a mean 
 dominance of  h ≈ 0.17 − 0.25   ).

 The combination of faster-X theory and evidence for adaptive 
faster-X evolution in several animal lineages implies that bene-
ficial mutations might typically be recessive, yet leading theories 
of dominance predict the opposite. In physiological theories of 
dominance, a diminishing-return relationship between enzyme 
activity and rates of flux through metabolic pathways causes 
deleterious mutations ( i.e.,  those with reduced enzyme activity) 
to be partially recessive ( 46   – 48 ) and beneficial mutations that 
increase activity to be dominant ( 49 ). Another strand of theory, 
based on Fisher’s geometric model, considers the fitness effects 
of mutations affecting traits selected to an optimum ( Fig. 2 ). 
The nonlinear relation between trait expression and fitness in 
the vicinity of the optimum causes deleterious mutations to be 
partially recessive and beneficial mutations to be partially dom-
inant or overdominant ( Fig. 2 ; see refs.  14 ,  50 ). Both models 
are consistent with observations about the dominance of dele-
terious mutations (for which we have direct, reliable, and unbi-
ased estimates) and they predict that beneficial mutations should 
often exhibit relatively dominant fitness effects.        

 Dominance inferred from faster-X theory and data on the one 
hand ( Fig. 1 ), and dominance predicted from models of enzyme 
activity or Fisher’s geometric model on the other ( Fig. 2 ), therefore 
generate conflicting conclusions. How can we resolve this conflict? 

A potential clue to a resolution lies in a key assumption in previous 
models of faster-X adaptation: that adaptive mutations have inter-
mediate heterozygous fitness effects ( i.e. , 0 < h  < 1) and, thus, are 
never overdominant. In contrast, Fisher’s geometric model ( 14 ,  50 ) 
and supporting experimental work ( 21 ,  22 ) suggest that a substan-
tial fraction of adaptive mutations might be overdominant with 
respect to fitness ( Fig. 2B  ). Crucially, the evolutionary dynamics of 
overdominant mutations differ between the X and autosomes, with 
overdominance expected to maintain polymorphism on autosomes, 
whereas the haploid expression of X-linked genes in males can lead 

Fig. 1.   Classical faster-X theory and current estimates of adaptive substitution rates on sex chromosomes (the X or Z) and autosomes. (A) The relative rates of 
selective sweeps for autosomal (RA) relative to sex-linked genes (RX) predicted by Charlesworth et al. (24), under the assumptions outlined in the beginning of 
the Results section. A faster-X pattern (RA/RX < 1) is expected when beneficial mutations are partially-to-completely recessive (h < 0.5). (B) Estimates (±95% CIs) of 
the adaptive substitution rate [ �

A
  , which is standardized by the neutral substitution rate (31)] and the proportion of substitutions fixed by positive selection ( �  ) 

for autosomal versus sex-linked genes. 95% CIs were calculated as Lower95A/Upper95X and Upper95A/Lower95X, with significant deviations (where the 95% CIs 
do not overlap 1) shown in black. Estimates are based on 11 studies—out of a total of 16 (Supplementary Dataset)—in which CI were reported and corrections 
were made for segregating nonneutral polymorphisms (32–42).

Fig. 2.   Selection and dominance in Fisher’s geometric model with two traits. 
The example on the left shows an ancestral genotype (with phenotype A) that 
is displaced from the optimum (phenotype O). The phenotypes of individuals 
heterozygous for random mutations are scattered around the ancestral type, 
and fitness declines as a Gaussian function of the distance to the optimum. 
Following Manna et al. (14), this example assumes that there is no dominance 
between alleles with respect to their effects on trait expression. However, 
the nonlinear (Gaussian) relation between phenotype and fitness generates 
dominance with respect to fitness. Mutant fitness effects are categorized by 
color, with blue and gray dots representing mutations subject to positive 
and purifying selection in diploids, respectively. The red and orange dots are 
subject to balancing selection in diploids. A subset of overdominant mutations 
(orange ones in this example) will experience positive selection when  
X-linked, along with the blue mutations that are positively selected on both 
chromosome types. The distribution of dominance with respect to fitness (the 
parameter h) is shown on the right, with adaptive variants exhibiting partial 
dominance (0.5 < h < 1; blue) or overdominance (orange and red); deleterious 
variants are partially recessive (0 < h < 0.5).D
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to rapid fixation of overdominant alleles on the X ( 51 ,  52 ). 
Overdominant mutations might, therefore, contribute substantially 
to positively selected substitutions on the X but not the autosomes, 
resulting in an overall faster tempo of X-linked adaptive substitu-
tions without the need to invoke recessive fitness effects of beneficial 
mutations.

 Here, we use Fisher’s geometric model ( 14 ,  50 ,  53       – 57 ) to 
generate predictions about the relative rates of positively selected 
substitutions on X chromosomes and autosomes. Following pre-
vious models of faster-X adaptation, we focus on evolutionary 
scenarios in which adaptation uses new beneficial mutations. 
This assumption allows us to directly link our results to prior 
faster-X models while retaining analytical tractability (we pro-
vide a broader discussion of this assumption and its conse-
quences in the Discussion). In contrast to previous models of 
faster-X adaptation, where the fitness effects of beneficial muta-
tions are simply assumed, we explicitly model the distribution 
of fitness effects for new beneficial mutations, which in Fisher’s 
geometric model emerges naturally from a biologically plausible 
scenario in which traits are selected to an optimum ( Fig. 2 ). 
From this distribution, we predict rates of positively selected 
substitutions on each chromosome type and reexamine their 
sensitivities to dominance. 

Results

Baselines Under Classical Faster-X Theory. We begin by outlining 
the modeling framework of Charlesworth et al. (24), upon which 
prior predictions of faster-X adaptive evolution are based (for 
elaborations, see refs. 25–30). Assuming an XY sex chromosome 
system, an equal sex ratio among breeding adults, and equivalent 
phenotypic and fitness effects of mutations when expressed in 
homo- versus hemizygous state, Charlesworth et al. (24) showed 
that the rate of positively selected substitutions on autosomes 
versus the X chromosome is a function with two parts: (i) the 
relative rates of mutation to positively selected alleles on each 
chromosome ( �A and �X  per autosomal and X-linked gene, 
respectively), and (ii) the relative probabilities of fixation for 
positively selected alleles on each chromosome ( ΠA and ΠX  ). The 
rate of substitution for the autosomes (RA) relative to the X (RX) 
can then be expressed as:

RA

RX

=
4

3
⋅

�A

�X

⋅

ΠA

ΠX

.

By assuming that mutation rates to positively selected alleles 
are equal between X-linked and autosomal genes ( �A∕�X = 1 ), 
and that each mutation’s dominance with respect to fitness (h) is 
in the range 0 ≤ h ≤ 1 , Charlesworth et al. (24) found that the 
ratio of fixation probabilities ( ΠA∕ΠX  ) is a simple function of 
the dominance coefficients of positively selected mutations. For 
mutations with equal expression in each sex, the ratio of fixation 
probabilities is ΠA∕ΠX = 3h∕(1+2h) , making the relative rate of 
positively selected substitutions:

﻿﻿
RA

RX

=
4h

1 + 2h
,

  

  (the solid curve in  Fig. 1A  ). For mutations with male-limited 
expression, the ratios are  ΠA∕ΠX = 3h∕2    and:

﻿﻿
RA

RX

= 2h,

  

  (the dashed curve in  Fig. 1A  ). Eqs.  2   and  3   suggest that faster-X 
rates of adaptation require positively selected mutations to be par-
tially or completely recessive with respect to fitness ( 0 ≤ h < 0.5   ).

 Our model uses the same framework as depicted in Eq.  1  , but 
our analysis differs from prior faster-X theory in that we explicitly 
model the relative rates of mutation to positively selected alleles, 
as well as their fitness effects and fixation probabilities (Materials 
and Methods  for details). As in prior faster-X models, we focus 
on positively selected substitutions, which are expected to 
increase signals of adaptive substitution in population genomic 
data ( 58 ,  59 ). We later consider how mutations under balancing 
selection should affect signals of adaptive substitution on the X 
versus autosomes.  

Mutation Rates to Positively Selected Alleles. Mutation rates 
to positively selected alleles depend on their phenotypic effect 
sizes, their degrees of dominance, and their modes of inheritance 
(i.e., autosome or X-linkage). Following previous versions of 
Fisher’s model (53, 54), we define the scaled size of a mutation 
as x = r

√

n∕(2z) , where r is the absolute phenotypic effect of 
the mutation in homozygotes, n is the number of traits, and z 
is the displacement of the population from the optimum. There 
are two measures of dominance in our model (14): dominance 
with respect to the phenotype (“phenotypic dominance” or v ) and 
dominance with respect to fitness (h).

 In the limit of infinitesimally small-scaled mutation sizes 
( x → 0  , where mutation sizes are small relative to the distance to 
the optimum), we observe that virtually all beneficial mutations 
are subject to positive selection ( i.e. , balancing selection is negli-
gible) and dominance with respect to fitness is equivalent to dom-
inance with respect to trait expression ( h = v ; SI Appendix, 
Appendix 3 ). In this limit, mutation rates to positively selected 
alleles are equal between the X and autosomes ( lim

x→0
�A∕�X = 1 ), 

as assumed by previous models of faster-X evolution.
 As the scaled phenotypic effect size of a mutation increases, the 

probability that it experiences positive selection decreases. And 
because criteria for positive selection are more stringent on auto-
somes than the X, we observe a more rapid decrease for autosomal 
than X-linked genes ( Fig. 3A  ). As the mean mutation size ( x ) 
becomes large, the distribution of mutation sizes across the interval 
of x  where positive selection can occur (0 < x  < 3, as illustrated in 
 Fig. 3A  ) becomes uniform (see the Supplementary Text of ref.  50 ). 
In this “large-mutation limit”, the autosome-to-X ratio of muta-
tion rates to positively selected alleles becomes:

﻿﻿�A

�X

=
3 − 2v2

(3−2v)(1+v)
.

  

          Here, the mutation rate to positively selected alleles is greater 
on the X than the autosomes across the spectrum of phenotypic 
dominance (0 < v  < 1), with the discrepancy increasing with v  
( Fig. 3B  ). This is because mutations with high v  include a sub-
stantial fraction of overdominant alleles that undergo positive 
selection when X-linked but not when autosomal. In the 
large-mutation limit, dominance with respect to fitness is larger 
than phenotypic dominance (the relation between  h    and  v    is very 
roughly  h ≈ v + v(1−v)∕(1+2v) ;   SI Appendix, Appendix 3 ), but 
a similar bias toward the X is observed when plotting  �A∕�X     
against mean dominance for fitness ( h ) among mutations that are 
positively selected on both chromosome types (i.e.,  shom ≥ shet >> 0 , 
where  shet    and  shom    denote heterozygous and homozygous fitness 
effects).

[1]

[2]

[3]

[4]
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 Under male-limited expression, the small-mutation limit again 
converges to  lim

x→0
�A∕�X = 1 , while the large-mutation limit 

becomes:
﻿﻿�A

�X

=
1

1 + v
,
  

  which again yields an elevated mutation rate to positively selected 
alleles on the X relative to the autosomes ( Fig. 3B  ).  

Fixation Probabilities of Positively Selected Mutations. For a 
new mutation to become fixed, it must escape stochastic loss 
when it is rare. We therefore calculate the fixation probability 
of mutations that meet conditions for positive selection. In the 
small-mutation limit, the probability that a random, positively 
selected mutation becomes fixed on the autosomes relative to 
the X matches the classic prediction from Charlesworth et  al. 
(24) ( lim

x→0
ΠA∕ΠX = 3v∕(2v+1) = 3h∕(2h+1) ). Here, fixation 

probabilities are consistently higher on the X (Fig.  4) because 
haploid expression of X-linked genes in males increases the 
strength of selection for rare, positively selected variants (52).

 In the large-mutation limit, the ratio of fixation probabilities 
becomes:

﻿﻿
ΠA

ΠX

=
3v(3+v)

(

3−2v2
)2

(1+v)2(3−2v)(3+2v(1−v)(2v+11))
,

  

  which aligns well with simulated data ( Fig. 4 ) and predicts an even 
stronger X-linked bias for the fixation probability of positively 
selected mutations ( Fig. 4 ). The stronger bias reflects a somewhat 
higher average fitness effect of positively selected alleles on the X 
relative to autosomes.

 For male-limited genes, the small-mutation limit once  
again matches the result from Charlesworth et al. ( 24 ) 
( lim
x→0

ΠA∕ΠX = 3v∕2 = 3h∕2 ). In the large-mutation limit, this 
ratio becomes:

﻿﻿
ΠA

ΠX

=
3v(3+v)

2(1+v)2
,

  

  which shows a weaker bias toward the X than previous results ( Fig. 4 ). 
The change reflects an abundance of weakly selected mutations 

within the pool of positively selected X-linked variants, many of 
which would not evolve under positive selection on autosomes.  

Substitution Rates of Positively Selected Mutations. The 
substitution rate for each chromosome is a function of the mutation 
rate to positively selected alleles and their fixation probabilities. In 
the small-mutation limit, and assuming equal gene expression in 
each sex, the substitution rate for autosomal relative to X-linked 
genes simplifies to the classic prediction of Charlesworth et al. 
(24) ( lim

x→0
RA∕RX = 4v∕(1+2v) = 4h∕(1+2h)). Consequently, 

the rate is higher for the X than the autosomes when mutations 
tend to be recessive ( v = h < 0.5 for x → 0 ) and slower on the X 
when mutations are dominant ( v = h >> 0.5).

 In the large-mutation limit, the ratio becomes:
﻿﻿
RA

RX

=
4v(3+v)

(

3−2v2
)3

(1+v)3(3−2v)2(3−2v(v−1)(2v+11))
,

  

[5]

[6]

[7]

[8]

Fig. 3.   Mutation rates to positively selected alleles at autosomal and X-linked genes. (A) Probability that a random mutation, with scaled mutation size of x 
and phenotypic dominance of v = 0.5, meets conditions for positive selection. Curves are based on Eqs. 13a and 13b, and each circle is based on 105 simulated 
mutations. (B) Ratios of mutation rates to positively selected alleles at autosomal and X-linked genes, plotted as a function of phenotypic dominance (v) or mean 
dominance with respect to fitness (values of h are each a function of v). Dashed curves represent predictions for the small-mutation limit (i.e., �

A
∕�

X
= 1 ). Solid 

curves are solutions for the large-mutation limit (Eqs. 4 and 5) and circles are based on 105 simulated mutations. Simulations assume that z = 1 and n = 50; in 
panel B, values of x are drawn from a uniform distribution (0 < x < 10).

Fig. 4.   Fixation probabilities of positively selected mutations on the 
autosomes and X. The dashed curves represent predictions for the small-
mutation limit (i.e., Π

A
∕Π

X
= 3v∕(2v+1)  for equal expression and Π

A
∕Π

X
= 2v   

for male-limited expression). The solid curves are solutions for the large-
mutation limit (Eqs. 6 and 7), plotted as a function of phenotypic dominance 
(v, in gray) and dominance with respect to fitness ( h , in black). Circles are 
based on Wright–Fisher simulations (5,000 replicates each) of the proportion 
of random, positively selected mutations on each chromosome that are 
eventually fixed. Simulations assume that z = 1 and n = 50, with scaled mutation 
sizes (x) for new mutations drawn from a uniform distribution (0 < x < 10), 
and Wright–Fisher simulations carried out for the subset that met criteria for 
positive selection on each chromosome type.
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  which results in a consistently higher X-linked substitution rate 
across the spectrum of dominance ( Fig. 5 ). This consistent bias 
toward the X arises because recessive mutations are much more 
efficiently selected on the X ( Fig. 4 ), while dominant mutations 
are much more likely to meet criteria for positive selection on the 
X ( Fig. 3B  ). Indeed, if we assume that phenotypic dominance for 
random mutations follows a standard uniform distribution ( i.e ., 
uniform within the range: 0 < v  < 1), then  RA∕RX ≈ 0.79 , corre-
sponding to a 27% higher rate of substitution on the X. If all 
mutations have codominant phenotypic effects (v  = 0.5), the rate 
is 11% higher on the X.        

 For male-limited genes in the small-mutation limit, we again 
retrieve the classic result ( lim

x→0
RA∕RX = 2v = 2h ; see Eq.  4   of ref. 

 24 ). In the large-mutation limit, we obtain:
﻿﻿RA
RX

=
2v(3+v)

(1+v)3

  

  where male-limited genes exhibit more rapid substitution rates on 
the X when mutations are recessive, and the substitution rates are 
roughly equal between chromosomes when mutations are 
codominant-to-dominant ( Fig. 5 ). Under a uniform distribution 
of phenotypic dominance (0 < v  < 1), the ratio of substitution 
rates becomes  RA∕RX ≈ 0.89    (~12% higher for the X). Under a 
purely codominant model (v  = 0.5), Eq.  9   simplifies to 
﻿RA∕RX ≈ 1.04   .  

Substitution Rates Due to Positively Selected and Balanced 
Polymorphisms. We have focused on the substitution rates of 
positively selected mutations, which are expected to fix rapidly and 
thereby contribute to empirical signals of adaptive substitution 
(e.g., long-term signals derived from McDonald–Kreitman or 
“MK” tests, or comparatively recent signals of hard selective 
sweeps; see refs. 45, 58, 60). But our analytical predictions do 
not yet account for balanced polymorphisms, whose fixation rates 
can sometimes be faster than those of neutral variants (61, 62). 
Moreover, fixation of mutations under balancing selection might 
be more common on autosomes than the X because autosomes 
are a more permissive environment for overdominant balancing 
selection.

 To evaluate this possibility, we carried out simulations that 
tracked the evolutionary dynamics of mutations with deterministic 
equilibrium frequencies above 50% [mutations with equilibria 

below this threshold are unlikely to fix ( 62 )] and recorded the 
number of autosomal and X-linked substitutions that fixed more 
rapidly than the standard neutral benchmarks of 4N  generations 
for the autosomes and 3N  generations for the X ( 52 ,  63 ). We find 
that our analytical predictions hold up well across most conditions 
of dominance ( Fig. 6 ). Indeed, it is only as phenotypic dominance 
approaches one ( v → 1 ) that balanced polymorphic substitutions 
noticeably shift the simulated values of  RA∕RX     away from our 
analytical results based on positively selected substitutions alone. 
The deviation between simulated and analytical results is more 
pronounced in small than large populations ( Fig. 6 ), which likely 
reflects the stronger efficacy of balancing selection—and thus, the 
longer segregation times of balanced polymorphisms—in large 
populations (for related results, see ref.  64 ).          

Substitution Rates in Populations Segregating for Balanced 
Polymorphisms. The results presented above focus on substitutions 
in initially monomorphic populations. To test how these 
substitutions rates might be affected by balanced polymorphisms 
initially segregating at other loci, we developed two extensions 
of our model: one with new mutations completely linked to 
a balanced polymorphic locus (SI  Appendix, Appendix 3 and 
SI Appendix, Fig. S3) and one with mutations unlinked to the 
polymorphic locus (SI Appendix, Appendix 5 and SI Appendix, 
Fig. S4). In both cases, we assumed that a balanced polymorphism 
initially segregates at an intermediate frequency on either the X 
or an autosome. Homozygotes for the polymorphic locus initially 
express phenotypes that are equally distant from the optimum 
(these phenotypes are labeled A11 and A22 in Fig. 7A). The strength 
of overdominance, which maintains the polymorphism, is a 
function of the phenotypic distance between these homozygotes 
(denoted r in Fig. 7A) and the angle between the displacements 
of each homozygote from the optimum ( �  in Fig.  7A). For 
simplicity, we assume that segregating and new mutations have 

[9]

Fig. 5.   Relative rates of positively selected substitutions on the autosomes 
relative to the X chromosome. The dashed curves apply to the small-mutation 
limit (Eqs. 2 and 3). Solid curves apply to the large-mutation limit (Eqs. 8 and 9), 
plotted as a function of phenotypic dominance (v, in gray) and dominance with 
respect to fitness ( h , in black). Circles are based on Wright–Fisher simulations, 
5,000 fixation events each. Simulations assume that z = 1 and n = 50, with 
scaled mutation sizes (x) for new mutations drawn from a uniform distribution 
(0 < x < 10), and Wright–Fisher simulations carried out for the subset that meets 
criteria for positive selection.

Fig. 6.   Rates of adaptive substitution on the autosomes and X, including both 
balanced and positively selected mutations that fixed more rapidly than the 
average neutral substitution. Analytical results (the curve) show the ratio of 
positively selected substitution rates (Eq. 8: the large-mutation limit with genes 
expressed by both sexes). Circles show simulations of the relative numbers 
of substitutions fixed on the autosomes and X for three population sizes:  
N = 104, N = 105, and N = 106. Results are based on Wright–Fisher simulations 
with z = 1, n = 50, and scaled mutation sizes (x) for new mutations drawn from 
a uniform distribution (0 < x < 3, with the limits chosen for computational 
efficiency). Simulations were carried out for mutations with deterministic 
equilibria above 0.5. Autosomal substitutions recorded fixation events that 
occurred prior to generation 4N, and X-linked substitutions recorded fixations 
that preceded generation 3N. Each simulated datapoint is based on 10,000 
fixation events (for population sizes N = 104 and N = 105) or 1,000 fixation 
events (for population size N = 106).D
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codominant effects within and between loci (i.e., phenotypic 
dominance is v = 0.5).

 Complete linkage to a balanced polymorphism (  SI Appendix, 
Appendix 4 ) decreases the potential for a new mutation to spread 
in the population, and this dampening effect is larger for loci linked 
to an autosomal polymorphism compared to loci linked to an 
X-linked polymorphism ( Fig. 7B  ). Specifically, as the phenotypic 
distance between homozygotes of the balanced polymorphism 
increases ( i.e.,  expressed as the scaled distance, ﻿x = r

√

n∕(2z) , in 
 Fig. 7B  ), positively selected substitution rates become increasingly 
biased toward the X relative to the autosomes. Consequently, our 
results for initially monomorphic populations are conservative and, 
if anything, underestimate the extent to which positively selected 
substitutions are elevated on the X relative to the autosomes.

 A balanced polymorphism also reduces the potential for positive 
selection at unlinked loci (  SI Appendix, Appendix 5 ) by elevating 
the effective pleiotropy of mutations that arise at other locations 
in the genome ( i.e. , their effective dimensionality; see refs.  65 , 
 66 ). Specifically, a balanced polymorphism elevates effective 
dimensionality by a factor of  2∕(1+cos(�))  ( e.g. , dimensionality 
effectively doubles when homozygotes for the polymorphic locus 
have orthogonal displacements from the optimum), which damp-
ens the potential for positive selection and the probability of fix-
ation at unlinked loci. This dampening effect is, however, the same 
for the X and autosomes, resulting in no net change to their relative  
adaptive substitution rates when compared to a monomorphic 
population.   

Discussion

 Predictions of traditional faster-X models [( 24 ,  26 );  Fig. 1A  ] rest 
on two critical assumptions: 1) that adaptation proceeds by the 
fixation of new, positively selected mutations, as opposed to ben-
eficial alleles drawn from standing genetic variation; and 2) that 
the proportion of mutations that experience positive selection and 
the selection coefficients associated with positively selected alleles 
are equivalent between the X and autosomes. Models that relax the 
first assumption tend to favor more adaptive substitutions on auto-
somes ( 23 ,  25 ,  26 ). The second assumption has received much less 
scrutiny, though previous models have considered systematic 

differences in the overall mutation rate or efficacy of selection 
between the X and autosomes [ e.g. , due sex-biased mutation rates, 
potential consequences of dosage compensation or its absence, and 
factors affecting Ne   on the X relative to the autosomes ( 24 ,  28 , 
 29 )]. Nevertheless, these considerations cannot easily account for 
empirical patterns of faster-X adaptive substitution unless beneficial 
mutations are often recessive with respect to fitness ( 26 ).

 By explicitly modeling the distribution of fitness effects of new 
mutations using Fisher’s geometric model—and therefore allowing 
mutations to be overdominant—we find that the tempo of adap-
tive substitutions on the X is systematically elevated across a broad 
spectrum of dominance conditions. Predictions of traditional 
faster-X theory ( 24 ,  26 ) emerge in the special case where the phe-
notypic effect sizes of random mutations are small relative to the 
distance of the population to its phenotypic optimum. Yet these 
earlier predictions break down as mutation sizes increase relative 
to the distance of the population to its optimum. Our results 
suggest that we should be wary about interpreting elevated 
X-linked adaptive substitution rates as evidence that beneficial 
mutations are typically recessive. Instead, faster-X adaptive sub-
stitution rates can also occur when beneficial mutations are dom-
inant to overdominant with respect to fitness ( i.e. , h  > 0.5), which 
aligns with predictions of leading theories of dominance ( 14 ). 
While this reconciles the apparent contradiction between theories 
of dominance and typical interpretations of empirical faster-X 
adaptive substitution patterns, further investigation is required to 
assess whether beneficial mutations do indeed tend to be dominant 
(we return to this point further below).

 One obvious question is whether we should expect mutation 
sizes to be small enough for traditional faster-X theory to apply or 
large enough for faster-X adaptive substitution rates to emerge 
across a broader range of dominance conditions. Here, it is impor-
tant to recall the definition of mutation “size” in Fisher’s model 
( x = r

√

n∕(2z)  , as defined above), which depends on the absolute 
effect size of the mutation (r ) relative to the distance of the popu-
lation to the optimum (z ). Mutations should often have large effects 
in Fisher’s scale if populations are reasonably well-adapted to their 
environments, as we expect them to be, even in cases where there 
is scope for further adaptation ( 67 ). The common observation from 
mutation accumulation studies that random mutations are much 

Fig. 7.   Rates of adaptive substitution in populations initially segregating for a balanced polymorphism. (A) Visualization of the geometry of an intermediate-
frequency balanced polymorphism maintained by heterozygote advantage. Homozygotes for the ancestral polymorphism express phenotypes A11 and A22, which 
are equidistant from the optimum (z is the distance of each from O). � represents the angle between the homozygote orientations of displacement from the 

optimum, which places the heterozygote phenotype closer ( z
12

= z

√

1 − (r∕(2z))2 is the distance of the heterozygote from the optimum). (B) Relative rates of 
positively selected substitutions of mutations arising in tight linkage with a balanced polymorphism of scaled effect size x. Simulated results (black circles, each 
based on 107 fixations events per chromosome) are based on the model described in SI Appendix, Appendix 4. The gray point shows the analytical approximation 
for positively selected substitutions occurring in initially monomorphic populations, which is equivalent to the prediction for substitutions of mutations that 
are unlinked to the balanced polymorphism (SI Appendix, Appendix 5). Simulations assume that z = 1 and n = 50, with scaled mutation sizes for new mutations 
drawn from a uniform distribution (0 < x < 3) ( i.e., in the “large-mutation limit”), and Bernoulli sampling used to simulate fixation or loss of mutations that meet 
criteria for positive selection (SI Appendix, Appendix 4).
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more likely to reduce than to enhance fitness is consistent with 
mutation sizes being large, on average, in Fisher’s scale (see ref.  68  
for a critical review of mutation accumulation studies). For exam-
ple, if we assume that 10% of new mutations are homozygous 
beneficial and mutation sizes are exponentially distributed, the 
corresponding mean size of new mutations is  x ≈ 3.2  ( 56 ), which 
falls comfortably in the range where mutations experience substan-
tially more positive selection on the X. Moreover, while we do not 
know the distribution of scaled mutation sizes in any population, 
our assumption that the distribution of x  is exponential should 
make our predictions conservative. Under the exponential, the 
probability density function for x  is maximized at zero, causing a 
large fraction of beneficial mutations to have small effects, even in 
our “large-mutation limit” (naturally, all mutations have small 
effects in the “small-mutation limit”). Versions of Fisher’s geometric 
model that assume a mutation size distribution with an interme-
diate mode ( e.g. , refs.  57 ,  66 ,  69 ) should reduce the fraction of 
mutations with small effects and enhance the tendency of X-linked 
genes to adapt more rapidly than autosomal genes.

 Our analysis assumes that adaptation proceeds by fixation of 
positively selected alleles that arise by mutation and sweep through 
an initially monomorphic population (  SI Appendix, Appendix 1 
and 2 ), or a population initially segregating for a balanced poly-
morphism (  SI Appendix, Appendix 4 and 5 ). This opens two ave-
nues for future work. First, Orr and Betancourt ( 23 ) showed that 
adaptation from standing genetic variation is more permissive on 
the autosomes relative to the X, yet their analysis did not account 
for the higher incidence of positive selection among X-linked 
relative to autosomal variants, which we observe in Fisher’s 
geometric model ( e.g. ,  Fig. 3B  ). A higher prevalence of positive 
selection on the X might, at least in some cases, result in a higher 
X-linked than autosomal probability of a selective sweep arising 
from standing genetic variation, though this intuition requires 
formal validation. Second, adaptation can be polygenic, with 
many segregating alleles in the genome simultaneously responding 
to selection of traits to their optimum. Though it is unclear how 
“typical” this form of adaptation is ( 70 ,  71 ), evidence from 
genome-wide association studies and sustained responses to arti-
ficial selection implies that polygenic adaptation affects many traits 
( 72 ). Such a scenario appears to be beyond the scope of analytical 
treatment, though an intensive simulation study that tracks 
genome-wide patterns of substitution during adaptation to a fixed 
or moving optimum (e.g., ref.  73 ) would help in evaluating how 
polygenicity might influence faster-X predictions.

 While our models focus on rates of positively selected substi-
tution, empirical estimates of adaptive substitution based on MK 
tests ( e.g. , the studies summarized in  Fig. 1B  ) are based on com-
parisons between within-species polymorphism and between- 
species substitutions ( 31 ,  58 ). In this framework, two main factors 
can enhance X-linked relative to autosomal signals of adaptive 
substitution. First and most obviously, faster-X signals should 
emerge when rates of positively selected substitutions are elevated 
on the X, owing to either recessivity of beneficial mutations ( 24 , 
 26 ) or a higher prevalence of positively selected mutations on the 
X than the autosomes ( e.g. , as we have found here). Second, 
faster-X signals might at least partially reflect elevated ratios of 
nonsynonymous-to-synonymous polymorphism on autosomes 
relative to the X. MK tests for adaptive divergence are downwardly 
biased when nonneutral variants contribute to polymorphism 
( 64 ,  74 ,  75 ), and we typically expect higher levels of deleterious 
and balanced polymorphism on autosomes than the X ( 34 ,  51 , 
 52 ,  76 ). Bias caused by deleterious mutations can be minimized 
by excluding rare polymorphic variants from MK analyses ( 31 , 
 74 ,  75 ,  77 ) and by using metrics that exclude nearly neutral 

substitutions (e.g.,  �A    rather than  � ; see ref.  31 ). However, bias 
caused by overdominant polymorphisms is not so easily controlled 
and could plausibly exacerbate MK-based signals of faster-X adap-
tive substitution.

 Comparisons between X chromosomes and autosomes are 
interesting and informative for understanding a myriad of evolu-
tionary processes ( 78   – 80 ). However, the model presented here 
suggests that X/autosome comparisons will only remain inform-
ative about the dominance of adaptive mutations when popula-
tions are consistently and strongly displaced from their optima, 
in which case (scaled) mutation sizes will be sufficiently small for 
classical faster-X predictions to apply. Strong displacements might 
arise in natural populations that continuously “chase” a rapidly 
moving optimum. They might also arise for genes that have 
recently arisen via duplication [and are therefore far away from 
their optimum ( 70 )], or for genes that experience rapidly changing 
environments of selection [e.g., genes involved in immunity ( 81 )]. 
X/autosome comparisons in “evolve-and-resequence” studies 
might also be informative if carried out across a gradient of envi-
ronmental change scenarios, such as laboratory treatments with 
different degrees of environmental novelty or stress.

 Additional methods, while perhaps imperfect, will undoubtedly 
help characterize the dominance of new beneficial mutations. One 
method is to experimentally measure the dominance of putatively 
adaptive variants that have evolved in predominantly haploid or 
self-fertilizing populations, where the fates of adaptive variants are 
not directly influenced by effects of dominance (for relevant exam-
ples, see refs.  17 ,  18 ,  82   – 84 ). There are some potential issues with 
this approach. For example, the dominance coefficients and 
homozygous selection coefficients of mutations could be corre-
lated, in which case the preferential establishment of beneficial 
alleles with large homozygous beneficial effects will lead to differ-
ences between the dominance of new mutations and those con-
tributing to adaptation. There is also some uncertainty about the 
alignment of mutant fitness effects when expressed in the haploid 
versus homozygous diploid state ( 85 ,  86 ), which can also con-
found interpretations of dominance through comparisons of hap-
loid versus diploid individuals. Finally, direct estimates of 
dominance among mutations contributing to adaptation in out-
bred, diploid populations are likely to carry useful information 
about the distribution of dominance among new mutations. For 
example, estimates of the distribution of dominance for fixed 
mutations ( e.g. , as inferred for domestication QTL in ref.  17 ) can 
be used to infer the distribution of new mutations, assuming that 
adaptation proceeds from new mutations [as might be the case 
for species with relatively low Ne  , where adaptation from standing 
genetic variation is less likely ( 87 )]. At minimum, the distribution 
for fixed variants should provide an upper bound for the domi-
nance of new beneficial mutations, and careful modeling of the 
data can define a lower bound, once differential rates of establish-
ment for beneficial mutation that vary in dominance ( i.e ., 
Haldane’s sieve) are accounted for.  

Materials and Methods

The structure of our analysis follows classical models of faster-X evolution (e.g., 
refs. 26, 28; Fig. 1A) in that we focus on species with XY sex determination with a 
degenerate Y chromosome, where hemizygotes are phenotypically equivalent to 
homozygotes ( e.g., due to dosage compensation). As in previous models, the rate 
of positively selected substitutions is modeled as the product of the population-
scaled mutation rate to positively selected alleles and their average fixation proba-
bility. Our analysis differs from prior faster-X theory in that we explicitly model the 
relative rates of mutation to, and the fitness effects of, positively selected alleles 
(as in refs. 14 and 50), fitness effects are endogenous to our model rather than D
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being exogenous inputs). We focus on species with XY sex chromosome systems, 
but our results also apply to species with Z and W chromosomes.

Using Fisher’s Geometric Model to Generate Fitness Effects of New 
Mutations. Here, we outline the simplest version of our model, in which we 
assume a monomorphic population with ancestral alleles initially fixed at each 
locus in the genome. We later relax this assumption by considering populations 
that segregate for intermediate-frequency balanced polymorphisms (SI Appendix, 
Appendix 4 and 5 for details). The ancestral phenotype is defined by the vector 
A = (A1, A2,..., An), where Ai is the ancestral phenotype for the ith of n traits. The 
phenotypic optimum is defined by the vector O = (O1, O2,..., On), where Oi is the 
optimum for the ith trait. The distance between the ancestral phenotype and 

the optimum is z =
�

∑n

i=1

�

Oi−Ai
�2

  . Homozygous (or hemizygous) carriers 
of a given mutation express phenotype Ahom = (A1 + δ1, A2 + δ2,..., An + δn) 

where δi is the phenotypic effect of the mutation in the ith trait; r =
�

∑n

i=1
�2
i
  

is the total size of the phenotypic effect of a given mutation. Heterozygotes for 
the mutation express phenotype Ahet = (A1 + vδ1, A2 + vδ2,..., An + vδn), where 
v is the dominance of the mutation with respect to the phenotype (“phenotypic 
dominance”, which we assume takes a fixed value within the range 0 <v < 1 and 
excludes completely recessive or dominant phenotypic effects; see ref. 14). The 
distance to the optimum for heterozygotes and homozygotes of a given muta-

tion is zhet =
�

∑n

i=1

�

Oi−Ai−v�i
�2

 and zhom =

�

∑n

i=1

�

Oi−Ai−�i
�2

 , 
respectively.

There is an important distinction between phenotypic dominance (v) and dom-
inance with respect to fitness (i.e., h = shet/shom, where shet is the heterozygous and 
shom is the homozygous fitness effect of a given mutation), with the latter being the 
focus of prior faster-X models. Manna et al. (14) showed that for a population near 
its optimum, the fitness effects of random mutations—which are predominantly 
deleterious—tend to be partially recessive even in the absence of dominance at 
the phenotypic level (i.e., h ~ 1/4 for deleterious mutations when v = 1/2). We 
retrieve the same result for populations converging to the optimum (z → 0), which 
causes all mutations to be deleterious, and those with mild fitness effects to exhibit 
dominance coefficients of h ≈ v2 (SI Appendix, Appendix 3). For adaptive muta-
tions—our focus here—the relation between v and h in Fisher’s geometric model 
depends on the distribution of mutation sizes (SI Appendix, Figs. S1 and S2). Here, 
the two forms of dominance are roughly equivalent ( h ≈ v ) in the special case of 
mutations with infinitesimally small phenotypic effect sizes, and h > v otherwise 
(SI Appendix, Appendix 3). For tractability, we present analytical results in terms of v 
and numerical results in terms of both h and v. We also derive approximations for the 
relation between v and h in SI Appendix, Appendix 3 (SI Appendix, Fig. S1 and S2).

We assume that mutation magnitudes (values of r) are exponentially distributed 
with a mean of r   . When scaled relative to the ancestral distance to the optimum, 
mutation magnitudes are x = r

√

n∕(2z)  (53, 54) and the distribution of x is expo-
nential with mean x = r

√

n∕(2z)  . Mutation orientations are randomly distributed 
in n-dimensional phenotypic space (i.e., we assume isotropy). The orientation of a 
random mutation with magnitude r is defined by the vector of trait displacements:

��r =
1

�

∑n

j=1
yj

�

ry1, ry2, ⋯ , ryn−1, ryn
�

,

where y1, y2, …, yn are independent standard normal random variables (55, 56).
Fitness is a Gaussian function of the distance to the optimum (50, 53, 54, 

56, 57). Fitness of the ancestral homozygote is w = e−z
2∕2 , and fitness of het-

erozygous and homozygous carriers of a given mutation is whet = e−z
2
het

∕2 and 

whom = e−z
2
hom

∕2 . The corresponding heterozygous and homozygous selection 
coefficients are:

shet =
whet

w
− 1 = exp

(

−
1

2
v2r2+v

n
∑

i=1

(

Oi−Ai
)

�i

)

− 1.

 shom =
whom

w
− 1 = exp

(

−
1

2
r2+

n
∑

i=1

(

Oi−Ai
)

�i

)

− 1.

Previous work has shown that, with high dimensionality (n > ~10) and weak 
selection, the distribution of heterozygous and homozygous selection coefficients 
for mutations with specified magnitude r is approximately bivariate normal 
with respective means of shet = −

1

2
(vr)2 and shom = −

1

2
r2 , and variances of 

�2
het

= (vrz)2∕n and �2
hom

= (rz)2∕n . Selection coefficients are perfectly corre-

lated, such that shet =
1

2
r2v(1−v) + vshom (56). We use these approximations 

in our analytical results and validate them by simulation.

Probabilities of Fixation for Positively Selected Mutations. For autoso-
mal loci, mutations are easily categorized by their modes of selection, which 
include positive selection ( shom ≥ shet >> 0  ; blue in Fig. 2), purifying selec-
tion (shet < 0, gray in Fig. 2), and balancing selection in cases of overdominance 
for fitness (shom < shet > 0; orange and red in Fig. 2). The conditions for positive 
selection are more permissive for the X than the autosomes. In addition to 
mutations in the range shom ≥ shet >> 0  , which experience positive selection 
on both the autosomes and the X, a subset of overdominant mutations also 
evolves under positive selection when X-linked (e.g., the orange mutations 
in Fig. 2, which are deterministically favored to fix on the X but not on the 
autosomes).

Conditions for positive selection on the X chromosome depend on the manner 
with which mutations are expressed in each sex. We first consider mutations 
with equal expression between the sexes (i.e., homozygous phenotypic effects 
in females are equal to hemizygous effects in males). An X-linked mutation expe-
riences positive selection under the condition:

0 < shet ≤
shom

(

3+2shom
)

2 + shom
,

(SI Appendix, Appendix 1), which under weak selection simplifies, approximately, 
to 0 < shet ≤

3

2
shom . Using normal approximations for the distributions of shet and 

shom , which apply when the fitness effects of mutations are small (SI Appendix, 
Appendix 1 and ref. 56), the probability that a random mutation of magnitude  
r meets the condition for positive selection is:

Pr
�

pos. �
�

A, r
�

≈ Pr

�

shom≥
1

2
r2v

�

= 1 − Φ

�

r
√

n

2z
(1+v)

�

,

for the autosomes, and:

Pr
�

pos. �
�

X , r
�

≈Pr

�

shom≥
r2v(1−v)

3−2v

�

=1−Φ

�

r
√

n

2z

�

1+
2v(1−v)

3−2v

�

�

,

for the X, where Φ (.) is the cumulative density function for the standard normal 
distribution (SI Appendix, Appendix 1).

The fixation probability for a new, positively selected mutation is approxi-
mately 2shet  under autosomal linkage and 2

(

2shet+ shom
)

∕3  under X-linkage 
(23, 24, 26). Incorporating distributions of fitness effects, the probability that a 
mutation with magnitude r both meets the condition for positive selection and 
becomes fixed is: 

Pr
(

fix|
|

A, r
)

≈

∞

∫
1
2
r2v

2shetf
(

shom
)

dshom,

under autosomal linkage, and:

Pr
(

fix|
|

X , r
)

≈

∞

∫

r2v(1−v)
3− 2v

2

3

(

2shet+ shom
)

f
(

shom
)

dshom,

[10]

[11a]

[11b]

[12]

[13a]

[13b]

[14]

[15]
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under X-linkage, where f
(

shom
)

 is the probability density function for shom and 
shet is a function of shom (SI Appendix, Appendix 2).

For mutations with male-limited expression (which are neutral in females), 
the condition for positive selection remains the same for autosomal genes (i.e., 
0 < shet ≤ shom ), while the condition for X-linked mutations becomes shom >> 0 . 
Fixation probabilities for positively selected variants are approximately shet for 
autosomes and 2shom∕3 for the X (as in ref. 26). The probability that an X-linked 
mutation with magnitude r both meets the conditions for positive selection and 
becomes fixed is:

Pr
(

fix|
|

X , r
)

≈

∞

∫

0

2

3
shomf

(

shom
)

dshom.

The corresponding probability for the autosomes is obtained by dividing Eq. 14 
by two.

Simulations. Analytical approximations were tested against exact computer sim-
ulations, in which the selection coefficients of random mutations were generated 
using Eqs. 10–11. Mutations that met exact criteria for positive selection (e.g., Eq. 
12) were introduced as a single initial copy in a Wright–Fisher population with 
effective size N and an equal sex ratio of breeding adults (corresponding to 2N 
autosomes and 1.5N X chromosomes in breeding adults of each generation). We 
simulated genetic drift by carrying out multinomial sampling of each genotype, 

with sampling probabilities based on deterministic predictions of genotype fre-
quencies in breeding adults (see pp. 229–230 in ref. 88).

In these simulations, X chromosomes and autosomes compete to fix the next 
positively selected mutation. Each mutation was introduced on the X or auto-
some with respective probabilities 3/7 and 4/7 (reflecting three X-linked copies 
for every four autosomes) and was fixed or lost prior to the introduction of the 
next mutation. We tallied the total number of mutations fixed and the propor-
tion fixed on each chromosome. To examine how mutations under balancing 
selection might also contribute to empirical signals of adaptive substitution, 
we ran additional simulations that tracked fixation events for mutations whose 
homozygous fitness effects were positive (shom > 0, corresponding to deterministic 
equilibrium frequencies greater than 0.5), which includes alleles under positive 
selection and balancing selection. For these simulations, a mutation was recorded 
as contributing to the adaptive substitutions if it fixed within 4N generations on 
an autosome or 3N generations on the X, which represent the standard neutral 
benchmarks for each chromosome (63).

Data, Materials, and Software Availability. All study data are included in the 
article and/or supporting information.
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